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We revise the statistical foundations of the reverse Monte Carlo (RMC) technique by constructing the associated functional of
a variational principle which incorporates, without any ad hoc assumptions, the inherent errors accompanying the simulation
and the experimental data. We propose a Bayesian criteria for acceptance/rejection of configurations, in terms of the
variations of the functional. The loss function and variational functional minimization approaches are compared.
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1. Introduction

Even though reverse Monte Carlo (RMC) method is a

successful molecular modeling technique [1–4], used

now-a-days as routinely as traditional techniques (e.g.

Metropolis Monte Carlo (MMC) [5,6] and molecular

dynamics (MD) [7,8]), there are aspects not yet rigorously

established [9,10]. Basically, it works like the MMC

method, except that in this case, an input structural

property, the radial distribution function (rdf) or the

structure factor (sf), is used instead of the MMC energy

criterion. This does not mean that RMC is the reversed

form of MMC. RMC is closer to a sophisticated fitting of

equations that provides configurations containing on

average the same structural information as described by

the input function. That is, one distributes points in the

space that, on the average, reproduce the input rdf or sf.

This idea goes back to the work of Kaplow and

collaborators [11]. Later, it has been modified and

improved by different groups [1,3,12–14]. There has

also appeared closely related techniques such as Soper’s

empirical potential Monte Carlo (EPMC) [15,16]. We

recognize that the acronym RMC, originally adopted

by McGreevy school [1,9,12], is used in the literature

to denote, in general, the inverse problem of a MC

simulation; so, whenever we refer in this work to the

original RMC work of McGreevy and Putztai [1], we shall

explicitly denote it as the MP–RMC method.

The advantage of such techniques is that no interatomic

(pair) potential is needed, only structural information.

Typically, this information may be the experimental rdf or

the sf. Therefore, the technique may be employed to

extract more detailed information from these functions,

e.g. orientational or high-order correlations. In fact, it has

already been claimed that this kind of procedure will have

a major effect on our understanding of solution’s structure,

and will open up the field of “liquid state crystallography”

[17]. This will, of course, have an impact on the

understanding of general aqueous solutions properties,

even those containing bio-molecules that are far more

complicated. Furthermore, although the method was

designed primarily as a tool to analyze and interpret

experimental data, there is also a possibility that the

method can help in the development of effective pair

potentials [18,19].

The major problem with the RMC is the lack of a solid

theoretical background for the technique. There are only

arguments based on Henderson’s uniqueness theorem for

correlation functions [20], which assures that there is a

unique relation between the pair potential and the rdf, g(r)
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(see also Ref. [21]). It also guarantees that g(r) determines

implicitly all higher-order correlations functions, if the

interaction potential is assumed to be pairwise additive.

Thus, for a given rdf, at a specific density and temperature,

RMC may be able to extract this “hidden information”.

In a previous work by one of us [3], referred to as paper I,

a statistical based RMC (SRMC) method was suggested

and applied it with great success to liquid water [4]. This

new algorithm does, in contrast to several other earlier

algorithms [1,14], meet the fundamental requirements.

That is, it reproduces the input structural information and

relevant thermodynamic properties with good accuracy

both for monatomic and polyatomic liquids [3,4,22–24].

The SRMC method differs from the original MP–RMC

method of McGreevy and Putztai [1], essentially on the

way the statistical mechanical rdf function g(r) is

evaluated, and on the criteria for accepting configurations.

The adequacy of the SRMC approach was shown

numerically in paper I [3]. A small number of particles,

typically less than 100, is enough to give proper

convergence and there is no need for additional constraints.

No problems within the hard-core range were found and

thermodynamic properties, as the configurational average

energy or the excess chemical potential, calculated using

an ad-hoc model, were well reproduced. In paper I, it was

also shown that SRMC is able to extract three-body

correlations from the input two-body rdf of an accurately

simulated MMC LJ fluid [3]. Despite some initial criticism

[22,23], in a second work [4], refered to as paper II, the

SRMC method was applied successfully to the case of a

polyatomic fluid data, like water SPC models and accurate

experimental liquid water data. For instance, SRMC was

able to show how the hydrogen bonds were distributed and

oriented. Nevertheless, no statistical mechanical argument

was given to support it.

The purpose of this work is to give a variational and

statistical view for the foundation of the RMC technique in

general and, of the SRMC in particular. A second issue

here, is an analysis on how the SRMC inverse simulation

samples the phase space, in comparison to the

corresponding MC simulation that uses the Metropolis

acceptance criteria.

2. A variational approach to reverse Monte Carlo

The RMC simulation requires only the experimental rdf,

gexpðrÞ ¼ geðrÞ, and the system density as input. The

fundamental requirement is that the RMC generated

configurations are, on the average, consistent with such

input function, i.e. the RMC rdf corresponding to these

configurations, gRMCðrÞ ¼ gðrÞ, should satisfy, for every

point in space

gðrÞ ¼ geðrÞ: ð1Þ

It is well established in statistical mechanics that the

rdf is a functional of the intermolecular potential [20,25].

In a classical system, the available energy states

correspond to the possible particle configurations in

phase space. Therefore, by sampling configurations, one

samples phase space for states with an associated trial rdf,

consistent with the previous relationship equation (1). To

establish this identity we assume in this section that both,

the experimental rdf function gexp(r) and the statistical rdf

gRMC(r), are very accurately measured or evaluated. The

more realistic case, where there are implicit errors in the

measurement of gexp(r) and in the evaluation of gRMC(r),

will be carefully analyzed in next section. So here, we

sample for configurations that let the following composed

function, B[g ], vanish:

B½gðrÞ� ¼ f ðrÞ½gðrÞ2 geðrÞ�! 0; ð2Þ

where f(r) is any arbitrary well behaved function. That is,

one has to construct a functional F[g(r)] consistent with

equation (2), in the sense that the functional derivative

gives the vanishing function,

dF ½gðrÞ�

dgðrÞ
¼ B½gðrÞ�: ð3Þ

Following the prescriptions of Olivares-Rivas [26]

based on the variational method of Arthurs [27], it is

straightforward to show that the required functional is

given as

F ½gðrÞ� ¼ F * þ

ð
d~rH½gðrÞ�; ð4Þ

where

H½gðrÞ� ¼

ð1

0

dt f ðrÞgðrÞB½tgðrÞ�; ð5Þ

and F * is a quantity independent of g(r). Equation (5) can

be readily integrated over t to give

H½gðrÞ� ¼
1

2
g2ðrÞ2 gðrÞgeðrÞ: ð6Þ

In order to complete the square, we chose the arbitrary

constant in equation (4) as

F * ¼
1

2

ð
d~r f ðrÞðgeðrÞÞ2; ð7Þ

to get

F ½gðrÞ� ¼
1

2

ð
d~r f ðrÞ½gðrÞ2 geðrÞ�2: ð8Þ

By a simple application of the definition of the

functional derivative,

dF ½gðrÞ�

dgðrÞ
¼

ð
d~r

dH½gðrÞ�

dgðrÞ
dgðrÞ; ð9Þ

we recover equation (2) from equation (8). So, the RMC

variational prescription requires the mimization of the

funtional F ½gðrÞ� of equation (8).

Now, since the function f(r) is arbitrary, we have several

choices. The most trivial one, f(r) ¼ 1, gives the least

F. I. B. da Silva et al.640
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square integral over the volume. Another option is

f ðrÞ ¼ ð2=4pr 2Þ, which gives

F ½gðrÞ� ¼

ð1
0

½gðrÞ2 geðrÞ�2dr: ð10Þ

Discretizing over a grid of np points and a step dr,

corresponding to the bin width [3], we can simply take the

functional as

F ½gðrÞ� ¼
Xnp
i

½gðriÞ2 geðriÞ�
2: ð11Þ

In practice, the minimization of the functional F ½gðrÞ�

with respect to the variations dg(r) of g(r) is obtained by

randomly generating several different configurations, as in

a regular MMC simulation, but only accepting those

configurations that lead to a lower value of this functional

[3]. This form of the functional F ½gðrÞ� is similar to the

standard definition of the x 2 parameter, used in the MP–

RMC literature [1,9].

x2 ¼
1

s2

Xnp
i¼1

½gRMCðriÞ2 gEXPðriÞ�
2; ð12Þ

where np is the number of points in the experimental rdf

data and, gRMCðriÞ is the calculated rdf in the RMC run.

The parameter s 2 does not appear in the variational

functional. It is arbitrarily introduced in the standard MP–

RMC prescription and is conventionally assumed to be the

experimental error in gEXPðriÞ without further physical

arguments. Typically, a value around 0.1 is adopted. The

fact of the matter is, that there is no rigorous foundation

for this parameter, which is commonly related to the

acceptance of the configurations, and is taken by most

authors as a weighting parameter. Some authors have

already used s 2 in this context, applying some sort of

“annealing” in order to improve the simulation conver-

gence [28]. Other authors have even suggested the

minimization of the functional [10]

x2 ¼

Pnp
i¼1½gRMCðriÞ2 gEXPðriÞ�

2Pnp
i¼1½gEXPðriÞ�

2
; ð13Þ

where the normalizing factor in the denominator corre-

sponds to an integral in r space. In our simple variational

formulation, however, there is no justification or need to

invoke the standard deviation error parameter and, more

importantly, there is no justification for the Metropolis type

of acceptance criterium involving the exponential of Dx 2,

as largely used in earlier algorithms [1,14].

It has been argued that the introduction of a s 2

parameter is, perhaps, justified on a curve fitting of

experimental data with large errors, where the target

function geðrÞ is not well known [9,14].

In order to address to this point, in the next section, we

shall combine the variational construction of a suitable

functional, with some basic Bayesian statistical concepts,

to introduce, in a natural manner, the experimental error in

the inverse problem, posed by the reverse MC methods.

3. Statistical RMC and experimental error

The goal of a fitting procedure, like RMC, is to minimize

the loss of accuracy of the estimation of a given

experimental data by a proposed model. Statistically,

this is commonly accomplished by numerical minimiz-

ation of the so called loss function [29]. The most popular

loss function is the likelihood function L, which measures

how likely is the observed distribution, given some model.

A common statistical test is based on assuming that the

conditional probability is maximized for every point

in space, or, for every bin, in a discrete space. So, the

goodness of fit is conjectured to correspond to maximizing

a likelihood estimator directly given by the conditional

probability of the event, namely,

L ¼ P½g1; g2; g3; . . . jg
e
1; g

e
2; g

e
3; . . . � ¼

Y
i

P½gijg
e
i �;

ð14Þ

or, more conveniently, to minimize the loss function

F ¼ 22 lnL

F ¼ 22 lnL ¼ 22
X
i

lnP½gijg
e
i �; ð15Þ

where P½gijg
e
i � is the Bayesian conditional probability of

getting gi given gei , in the ith bin. When P½gijg
e
i � is a

Poisson distribution this is called the Pearson x 2 fit

F < x2 ¼
X
i

ðgi 2 gei Þ
2

gei
: ð16Þ

Since, for a Poisson distribution, the squared standard

deviation is equal to the mean value, it is common to

replace in the previous expression s 2
i ¼ �gi instead of gei .

On the other hand, if the probability distribution is

gaussian, this is equivalent to the so called least square fit.

The a priori assumption that the conditional probability

P½gijg
e
i � is Gaussian distributed around the value gei with a

standard deviation si

P½gijg
e
i � ¼

1ffiffiffiffiffiffi
2p

p
si

exp 2
ðgi 2 gei Þ

2

2s 2
i

� �
; ð17Þ

is then equivalent to, arbitrarily, choose the associated loss

function as

F ¼
X
i

ðgi 2 gei Þ
2

s 2
i

: ð18Þ

Since P½gijg
e
i � is a conditional probability, the meaning

of s 2
i in equations (17) and (18) is not as transparent as

an experimental error. The difficulty of an inverse MC

simulation is that the set gðrÞ ¼ {gi} itself, is formally a

well defined, statistical mechanical distribution function.

How this statistical quantity is evaluated or approximated

clearly depends on the method used. In the original

MP–RMC method, g(r) is approximated by the average

obtained over a single configuration. In the SRMC method

of paper I, the average is obtained over an ensemble of
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D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
4
8
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



collected configurations. We shall revise here the statistical

problem behind any RMC technique, to further clarify this

point and the meaning of the terms in equation (18).

The problem in a MMC simulation is to sample phase

space by generating molecular configurations based on

mechanical information and using an importance accep-

tance criteria, that ensures the microscopic reversibility of

the Markov chain, when moving from one configuration to

another. Each accepted configuration gives a rdf, g(r), and

the ensemble average kgðrÞl is the output. In an inverse

problem, like RMC, phase space is also sampled, but no

mechanical information is available.

We have argued before [3,4,23] that the output of

SRMC should be a collection of randomly generated

configurations that gives an ensemble average kgðrÞl,
which mimics the experimentally measured rdf or sf. The

principle behind the SRMC of da Silva et al. [3,4] is the

minimization of the differences between the input rdf and

the calculated one, by randomly generating particle

configurations, and accumulating them, to generate a new

trial rdf. The fundamental basis is the equivalence between

particles and fields. For pairwise potentials such an

equivalence follows from the fact that the rdf is a unique

functional of the intermolecular potential [30].

One expects that an accurately measured rdf or sf, does

contain implicitly a great deal of information about both,

two-body and higher-order correlations. However, the

information content decreases with the loss of accuracy

and range of the data. The inherent error accompanying

the experimental measurement can be represented by a

gaussian probability density function

P½gei � ¼
1ffiffiffiffiffiffi

2p
p

ðseÞi
exp 2

ðgei 2 ge
iÞ

2

2ðs 2
e Þi

� �
; ð19Þ

where ge
i and ðs 2

e Þi are the experimental average rdf and

the standard deviation of a set of experimentally measured

rdf or sf in the ith bin, respectively.

In the same manner, the collected trial rdf can also be

assumed to be distributed about the answer trial rdf,

gia ¼ kgil, averaged over all the accepted trials, with a

simulation error or standard deviation si

P½gi� ¼
1ffiffiffiffiffiffi

2p
p

si

exp 2
ðgi 2 kgilÞ2

2s 2
i

� �
: ð20Þ

The experimental and simulation standard deviations, sei

and si, are in principle different from each other, for every

r space bin. From now on, we will denote the experimental

mean, geðrÞ, and the SRMC simulation mean kgðrÞl
differently, to stress their different nature. In fact, the first

is the result of nexp independent and identical experimental

measurements and the latter corresponds to an average

over the accumulated nobs observations in all the RMC

simulation cycles.

If the events, described by these probability densities

functions, are uncorrelated (zero covariance), the joint

probability P½geðrÞ; gðrÞ� is given by their product

P½gðrÞjgeðrÞ�P½geðrÞ� ¼ P½geðrÞ;gðrÞ� ¼ P½gðrÞ�P½geðrÞ�;

ð21Þ

for every point in r space.

So, when the experimental data set is noisy, one is not

interested in reproducing such experimental or training set

exactly, but to make null the average difference between

the model predicted rdf and the experimentally measured

rdf, as pointed out by Webb [31]. Thus, following the

variational prescription described above, the vanishing

composed function should be, instead

kgðrÞ2 geðrÞlðg;g eÞ ! 0; ð22Þ

where the subscript on the brackets means that the average

has to be taken on the joint probability distribution of the

RMC rdf and the experimental value at that point. This is

the essential conjecture of this work which, as we will see

later, justifies on theoretically and statistical grounds the

SRMC method of da Silva et al. [3,4].

The variational functional F ½gðrÞ� associated with this

problem, then have to include such averaging, i.e. as

before, we require that

dF ½gðrÞ�

dgðrÞ
¼ f ðrÞkgðrÞ2 geðrÞlðg;g eÞ ! 0; ð23Þ

where f(r) is any arbitrary well behaved function.

Following the prescription given in the previous section

F ½gðrÞ� ¼ F * þ

ð
d~rkH½gðrÞ�lðg;g eÞ; ð24Þ

where F * is a quantity independent of g(r) and

kH½gðrÞ�lðg;g eÞ is given by

kH½gðrÞ�lðg;g eÞ ¼ f ðrÞ
1

2
g2ðrÞ2 gðrÞgeðrÞ

� �
ðg;g eÞ

: ð25Þ

Therefore, by choosing

F * ¼
1

2

ð
d~r f ðrÞ½geðrÞ�2

� �
ðg;g eÞ

; ð26Þ

we find that

F ½gðrÞ� ¼
1

2

ð
d~r f ðrÞk½gðrÞ2 geðrÞ�2lðg;g eÞ: ð27Þ

If we assume that g(r) and g e(r) are statistical independent

and use the definition of the standard deviation of the

experimental rdf, se

s 2
e ¼ k½geðrÞ�2lg e 2 kgeðrÞl2g e ; ð28Þ

the integrand of equation (27) can be written out in the

form

F ½gðrÞ� ¼
1

2

ð
d~r f ðrÞ gðrÞ2 geðrÞ

� �2D E
g
þs 2

e

� �
; ð29Þ

where geðrÞ ¼ kgeðrÞlge and the average in equation (29)

is taken over the distribution of g(r). This form of the
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functional reminds the Taguchi loss functional [32],

extensively used in quality control and robust design in

manufacturing processes. It is very suitable for compu-

tation on a simulation, since it only requires the mean of the

experimental measurement at each point of space. In the

Appendix A, we show that the functional derivative of this

functional recovers the desired relationship, equation (23).

We can use the definition of the SRMC simulation

standard deviation s 2
g

s 2
g ¼ kgðrÞ2lg 2 kgðrÞl2g; ð30Þ

to further rewrite equation (29) as:

F ½gðrÞ� ¼
1

2

ð
d~r f ðrÞ kgðrÞl2 geðrÞ

� �2
þs 2

e ðrÞ þ s 2
g ðrÞ

n o
:

ð31Þ

Again, using f ðrÞ ¼ ð2=4pr 2Þ and representing the r space

in np bins, we finally get:

F ½gðrÞ� ¼
Xnp
i

kgil2 gei
� �2

þðs 2
e Þi þ ðs 2

g Þi

n o
: ð32Þ

The standard deviation ðs 2
e Þi is a fixed number,

determined experimentally, which indicates the error of

the g e measurement and the quality of the information it

contains. Therefore, it is ðs 2
g Þi the parameter that monitors

the dispersion of the simulated rdf answer g(r). As

mentioned above, MP–RMC gi is usually evaluated over a

single trial configuration [1], so MP–RMC sg depends

strongly on the number N of central particles used in the

simulation. In SRMC (paper I) [3], gi is evaluated also

over the N central particles in each configuration, but then

the nc collected configurations in the simulation are taken

into account; for this reason, the number of particles does

not need to be as large as in MP–RMC. For the same

number of particles N, a better accuracy is obtained in the

SRMC method as the number of configurations increases.

We must stress that even in the MP–RMC method, with

large N, the error sg is expected to be much smaller than

the experimental error se. One can evaluate it during the

simulation or chose it as a fixed parameter to measure

the desired tolerance of the RMC simulation.

In the second case, the s terms can be omitted and the

functional in equation (32) reduces to the expression in

the previous section, equation (11), with the understanding

that gei and gi are average values, as originally proposed by

da Silva et al. [3,4].

4. A Bayesian metropolis importance sampling

The MMC importance sampling criteria is often justified

invoking microscopic reversibility in moving in phase

space, from one configuration with an energy state Un

to another with energy state Um. So the transition

probabilities pmn and pnm are related to the canonical

probabilities of the given states n and m, Pn and Pm, as

pmn

pnm

¼
Pn

Pm

¼ exp{ 2 ðUm 2 UnÞ=kBT}; ð33Þ

where kB is Boltzmann constant and, T the temperature.

Thus, the new configurations are accepted with probability

Pacc ¼ min 1; exp{ 2 ðUnew 2 UoldÞ=kBT}
� �

: ð34Þ

In the case of RMC, we can use an analogous argument,

using Bayes theorem. We assume that, in the production

cycles the trial rdf’s fluctuate about the target function ge

with a gaussian normal probability density function. Then,

a given configuration n giving rise to a rdf kgnðriÞl, for the

ith bin, has a sampling distribution of the mean given by

the probability distribution

P½kgnðriÞl�
1ffiffiffiffiffiffi

2p
p

skgl
exp 2

kgnðriÞl2 ge
� 	2

2s 2
kgl

" #
; ð35Þ

where s 2
kgl is the variance of the sample distribution of the

mean, a measure of the standard error of the mean kgl. For

simplicity, we assumed the same standard error skgl for

every bin. The probability of observing the rdf kgnl for all

the bins is the joint probability P½gn� ¼
Qnp

i P½kgnðriÞl�.
The log loss function associated to this probability is,

within a constant, given by the functional F ½gn� as given

by equation (32).

When one moves from a configuration n to a new

configuration m, the transition probability is the

conditional probability, of observing the configuration m

given that the configuration n was accepted, P½gmjgn�.

Bayes theorem then gives

P½gmjgn�P½gn� ¼ P½gnjgm�P½gm�: ð36Þ

Therefore, we get an expression analogous to the

Metropolis condition, equation (33),

P½gmjgn�

P½gnjgm�
¼

P½gm�

P½gn�
¼ exp 2ðF ½gm�2 F ½gn�Þ=2s 2

kgl

n o
:

ð37Þ

This justifies the use of the acceptance probability

condition

Pacc ¼ min 1; exp{ 2 ðF new 2 F oldÞ=2s 2
kgl}

h i
; ð38Þ

as originally proposed by McGreevy [1]. However, the

quantity s 2
kgl here is well defined, as the standard deviation

of the fluctuations of the average rdf trial functions, about

the target mean experimental rdf, during the RMC

simulation. It is not to be confused with se, the

experimental error in the input rdf. In fact, one could

have a very noisy experimental data with a large se and get

an excellent RMC fit with a low sg. Clearly, in that case,

the obtained molecular configurations would have scarce

physical meaning. For input data with low se, as in tests

we carried out with accurately calculated MMC

simulations for Lennard–Jones (LJ) or water models in
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papers I and II and in the next section, better results were

reported for values of sg as low as 10215. The use of the

average over the ensemble of configurations used in our

SRMC simulations ensured good three particles corre-

lation functions in the case of the LJ fluid and predicted

nicely the hydrogen bond and and angular distributions in

the case of the water models. In all studied cases, the

statistical sampling tests carried out, like the linearity of

mean squared displacements with the number of

simulation cycles (i.e. the RMC time), were excellent.

For such input data no additional constraints were needed.

The two criteria given by equations (34) and (38) should

sample phase space differently. In the next section we

study the MMC LJ model to analyze this point.

5. A comparison of the sampling in MMC and SRMC

In this section we would like to analyze the performance

of the SRMC method, based on the variational

prescription discussed above, in predicting physically

valid configurations. For this purpose, we shall compare

configurations obtained from a regular MMC simulation

with those obtained with the corresponding SRMC, for a

Lennard–Jones (LJ) fluid. As mentioned above, this kind

of analysis, as well as the model system and simulation

details, have been completely described elsewhere [3,4].

Briefly, accurate rdfs are generated by a MMC simulation,

using the LJ potential; then the SRMC algorithm is used to

generate trial configurations, using the MMC rdf as the

experimental target.

For each trial configuration, accepted or rejected by the

SRMC criterion, we also “tested” the Metropolis MC

criterion, to check if that configuration would have been

accepted or rejected by the MMC. In the later step, we

calculated the variation of the total energy (DU) for new

and old configurations and the corresponding Boltzmann

weight. We also recorded the number of cases that both

techniques would reject (or accept) this particular

configuration. We also counted the cases, where one

technique accepts the configuration and the other, does

not. All these measurements were made during the

production phase cycles and did not affect the SRMC

configurational acceptance criterion. After a SRMC run,

different probabilities were then calculated: (a) both

SRMC and MMC reject the configuration (PR;R), (b)

SRMC rejects and MMC would accept (PR;A), (c) SRMC

accepts and MMC would reject (PA;R) and (d) both SRMC

and MMC accept the trial configuration (PA,A). Several

different runs were used to estimate the uncertainty in the

probability calculations.

In SRMC, the rdfs were calculated from histograms

obtained from all generated configurations. That is, at a

particular configuration k, the histogram for the inter-

molecular distances, HkðriÞ, contains nobs ¼ Ncycles £

NðN 2 1Þ=2 observations. At the beginning of the reverse

simulation, the histograms have no physical significance,

since no statistical averaging of the fluctuations have been

produced. In fact, the first histogram H0ðriÞ contains only

NðN 2 1Þ=2 observations corresponding to the number

of pair interactions for N molecules, at their initial

coordinates. Large fluctuations are therefore, expected in

the value of the functional F½gðrÞ� at the beginning. Hence,

there is a need to accumulate a large number of

observations in the histogram used to compute the trial

functions, gnewðrÞ and goldðrÞ. This is what it was called

“memory effect” in SRMC, which gives the rdf its

statistical meaning.

For the kth move, generating a new configuration k, an

auxiliary incremental histogram hk is generated, over just

the N 2 1 distance counts (or observations). This

histogram records just what one sees sitting only in the

particle that one is trying to move. After k 2 1 such large

number of observations, the ensemble histogram Hk21 ¼Pk21
l¼0 hl contains the statistical memory effect. A new

configuration is generated, and we can define

gnew
k ðriÞ


 �
¼

1

nkai
½Hk21 þ hk�; ð39Þ

where ai ¼ 4pr2
i dr and nk ¼ NðN 2 1Þ=2 þ kðN 2 1Þ.

In order to apply the functional variational principle

numerically, equation (23), the functional differential of

g(r), namely dg, must be clearly defined, for each trial

move. From the definition of the incremental histogram hk,

it follows that dg, must be

dg ¼
1

nkai
½hk 2 hk21�: ð40Þ

Now, letting dg ¼ gnewðrÞ2 goldðrÞ, is equivalent to

define goldðrÞ as [3]

gold
k ðriÞ


 �
¼

1

nkai
Hk21 þ hk21½ �; ð41Þ

Observe that, therefore, ½Hk21 þ hk� and ½Hk21 þ hk21�

correspond to HnewðrÞ and HoldðrÞ, respectively, and that

both have the same number of observations.

The functionals F ½gðrÞ�new and F ½gðrÞ�old are con-

structed with these functions and the kth configuration is

accepted if

DF ½gðrÞ� ¼ F ½gðrÞ�new 2 F ½gðrÞ�old # 0: ð42Þ

Since the target experimental rdf is an accurate MMC

value, the s2
g was taken vanishingly small in equation (38).

In table 1, we present some results for specific conditions

of a LJ fluid. MMC and SRMC simulations were performed

at reduced densities r* ¼ rs3 ranging from 0.1 to 0.8,

where r is the number density and s is the LJ particle size.

Both, MMC and SRMC, simulations were carried out

with a small number of particles (N ¼ 256). Tests with a

larger N showed virtually the same outcomes [23].

The displacement parameter was chosen to give 50%

of acceptance for MMC experiments, although for SRMC

we found better convergence with a ,40% of acceptance.

As in previous results [3,4], SRMC was more sensitive to

the choice of the displacement parameter.

F. I. B. da Silva et al.644

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
4
8
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



A total of 104 equilibration and production runs,

without any hard-core constraints, were performed both

for MMC and SRMC. A cut-off at half (L/2) of the cubic

simulation box (V ¼ L 3) was assumed, and a tail

correction term was applied to correct the configurational

energy U [33]. The reduced temperature was fixed at

T * ¼ kBT=e ¼ 1:2, which is below the liquid–gas critical

temperature. Configurations collected during the runs

were subjected of energy analysis, which is one initial way

to assure that we obtained an appropriate sampling of

configurations. As mentioned before, the same LJ

potential, used in the MMC calculation, was assumed in

order to calculate the averaged configurational energies

(USRMC) of the SRMC configurations generated in the

production runs.

The agreement between SRMC and MMC calculations

is very good with small relative error of about 2.0%. Here,

we used bin sizes equal to 0.05 (in units of the LJ distance

parameter). In paper I [3], it was pointed out that this

difference could be reduced by decreasing the bin size.

For example, for a density of 0.6, a bin size of 0.01 gives

USRMC/NkT0 23.416(2), in excellent agreement with the

MMC value.

From the percentages of relative acceptance given in

table 1, one can see that, in general, SRMC and MMC

accept almost the same configurations. However, for low

density systems, SRMC rejects many configurations that

would be accepted by MMC. Just a few configurations are

accepted by SRMC that would be rejected by MMC. This

number is not more than 0.22, in the worst case (system

label 8), for the very high density. Although there are

similar trends when comparing PA,R and PA,A, the behavior

found for PR,R and PR,A indicates that each technique has

its own way to search phase space. This might be taken

as an indication that SRMC is not the reversed form

of MMC. Nevertheless, both simulations provide con-

figurations that, on the average, correspond to the same

system.

6. Conclusions

We have revised the RMC technique in terms of a

functional minimization, constructing an adequate

variational principle, which is in accordance with the

basic ideas of goodness of fit and Bayes statistics. We have

given a rigorous foundation to the acceptance/rejection

criteria, establishing an analogy of the Metropolis

importance sampling with Bayes theorem, in terms of

the functional F ½gðrÞ�.

This formulation gives a formal basis for the newer

version of RMC successfully used by da Silva and

collaborators in the analysis of monatomic and polyatomic

fluids [3,4]. We have named that version statistical RMC

(SRMC) in order to point out the convenience of using a

collection of randomly generated configurations, which

gives an ensemble average kgðrÞl, as the trial functions that

mimic the experimentally measured average geðrÞ. That is,

the answer in SRMC is not a single configuration, but a

large set of configurations which, on average renders the

experimental target rdf.

We believe that our analysis unifies the existing

approaches and dissipates possible controversies. For

instance, in the case of experimental data with large

errors or in the case of more complex systems, other order

parameters can be incorporated to the variational

formalism. Recently, Pikunic et al. [10] successfully

introduced such weighting parameters, chosen with a

trial-and-error procedure and simulated annealing, to

minimize a linear combination of cost functions. So, in

general, s2
g is much smaller than a typical experimental

s2
e . A Bayesian Metropolis-like criterium, as equation

(38), could be used with a still smaller skgl. Alternatively,

the standard deviation skgl could be used as an adjusting

parameter [10], since it is not necessary to be interpreted

as the experimental error s2
e. We believe that is the reason

of the exit of the original inverse MC version of Kaplow

[11] and of the extensively used improved MP–RMC

versions [1,9].
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Table 1. Analysis of the configurations in the production runs of a SRMC simulation for several densities of a LJ fluid.

System r* 2USRMC=NkT 2UMMC=NkT PR;R PR;A PA;R PA;A

1 0.1 0.6925(1) 0.700(2) 12.58(1) 87.21(1) 5.88(2) 94.12(2)
2 0.2 1.3406(1) 1.356(8) 21.31(3) 78.70(2) 9.03(1) 90.91(4)
3 0.3 1.8850(1) 1.908(7) 27.70(2) 72.30(2) 11.13(2) 88.86(1)
4 0.4 2.3560(2) 2.386(9) 32.73(3) 67.27(3) 12.70(4) 87.30(4)
5 0.5 2.8403(2) 2.879(3) 37.98(3) 62.02(3) 14.31(2) 85.69(2)
6 0.6 3.3667(2) 3.418(2) 44.44(2) 55.57(2) 16.32(2) 83.68(2)
7 0.7 3.8920(2) 3.963(1) 51.81(3) 48.19(2) 18.69(3) 81.32(2)
8 0.8 4.3677(3) 4.468(2) 59.88(3) 40.10(2) 21.22(3) 78.77(2)

The columns 2USRMC=NkT and 2UMMC=NkT are the same as those in paper I [3]. The average SRMC reduced energies obtained assuming a LJ potential, are compared with
the corresponding values obtained in the regular MMC simulation. The percentages of relative acceptance PR;R, PR;A, PA;R and PA;A are described in the text. The standard
deviation of these numbers are indicated in parenthesis. They were obtained averaging five different simulation runs.
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Appendix A

In this appendix, we show that the functional derivative of

the variational functional F ½gðrÞ�, given by equation (29),

recovers the desired relationship, equation (23). We

assume that g(r) is gaussian distributed around its average

value �gðrÞ, with standard deviation s2
g, i.e.:

PðgÞ ¼
1ffiffiffiffiffiffi

2p
p

sg

exp 2
ðg2 �gÞ2

2s2
g

" #
: ðA1Þ

Thus, from equation (29), the functional is

F ½gðrÞ� ¼
1

2

ð
d~r f ðrÞ

ð
gðrÞ2 geðrÞ
� �2

PðgÞdgþ s 2
e

� 

:

ðA2Þ

The functional variation dF ½gðrÞ� when the gðrÞ trial

function changes in a differential dgðrÞ, is by definition

equal to

dF ½gðrÞ� ¼ F ½gðrÞ þ dgðrÞ�2 F ½gðrÞ�

¼
1

2

ð
d~r f ðrÞ

ð
gðrÞ þ dg2 geðrÞ
� �2�

� Pðgþ dgÞdðgþ dgÞ þ s 2
e



2 F ½gðrÞ�:

ðA3Þ

The different terms in equation (A3), can be expanded

to O½dg�

dðgþ dgÞ ¼ dgþ dðdgÞ ; dg; ðA4Þ

gðrÞþ dg2 geðrÞ
� �2< gðrÞ2 geðrÞ

� �2
þ2 gðrÞ2 geðrÞ
� �

dg;

ðA5Þ

Pðgþ dgÞÞ <
1ffiffiffiffiffiffi

2p
p

sg

exp 2
ðg2 �gÞ2

2s2
g

2
ðg2 �gÞ

s2
g

dg

" #

< PðgÞ 1 2
ðg2 �gÞ

s2
g

dg

 !
: ðA6Þ

Replacing equations (A2) and (A4)–(A6) in equation

(A3), the variation dF ½gðrÞ�, up to O½dg�, reads:

dF ½gðrÞ� ¼

ð
d~r f ðrÞ

ð
PðgÞdgdg gðrÞ2 ge

� 	(

2
1

2s2
g

gðrÞ2 ge
� 	2

ðgðrÞ2 �gÞ

)
:

In the production cycles the functional F ½gðrÞ�

fluctuates around the minimum value and kgðrÞl < geðrÞ,

so the last term in equation (A7), vanishes, since it would

contain the skewness of the Gaussian variable. We then get

dF ½gðrÞ� ¼

ð
d~r f ðrÞ gðrÞ2 geðrÞ


 �
g
dg: ðA8Þ

Therefore, the functional derivative of F ½gðrÞ� vanishes,

accordingly with equation (23).
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